In this paper, we define the (p, q)-Bernstein polynomials of degree m of a quaternion variable. We obtain some approximation results, and also the Voronovskaja type result with quantitative upper estimates is proved.
Introduction
The quaternion field is an extension of the class of complex numbers, i.e., C ⊂ H. It is a non-commutative field defined by H = {w = y 1 + y 2 i + y 3 j + y 4 k : y 1 , y 2 , y 3 , y 4 ∈ R}, where the complex units i, j, k / ∈ R satisfy i 2 = j 2 = k 2 = -1, ij = -ji = k, jk = -kj = i, ki = -ik = j.
For ω = y 1 + y 2 i + y 3 j + y 4 k, the norm is defined as w = y on H. We need to give some basic details of analyticity of a function of quaternion variable and some properties of (p, q)-calculus for our purpose. 
Remark
The two concepts given in Definition 1.1 coincide with the Weierstrass type analyticity in the case of complex variable and that is equivalent to the holomorphy concept given by Cauchy. Also, it is better known that the only functions of the trivial form G(w) = Cw + D are analytic in the Cauchy sense in the case of quaternion variable (Mejlihzon [17] ), while the classic classes of left (or right) monogenic functions at each w = y 1 + y 2 i + y 3 j + y 4 k ∈ D R ⊂ H were introduced by Moisil [18] k does not coincide with the class of left W-analytic (or right W-analytic, respectively) function defined in Definition 1.1. For more details concerning the properties of the left (or right) W-analytic functions, see [11] , [10] .
Many authors have worked on q-analogue of different operators, for instance, in [9, 23, 25, 26] . Recently in several areas of mathematical sciences the (p, q)-calculus has many interesting applications (see [5, 12, 16] ). For p = 1, the notion of (p, q)-calculus is reduced to q-calculus and the transition from the q-case to the (p, q)-case with an extra parameter p is fairly straightforward. One advantage of using the parameter p has been mentioned in approximation by (p, q) Lorentz operators in compact disk [20] . For more (p, q)-approximation, we refer to [1] [2] [3] [4] [13] [14] [15] and [27] .
Most recently, Mursaleen et al. introduced and studied approximation properties of the (p, q)-analogues of many well-known operators, such as Bernstein operators [19] , Lorentz operators on compact disk [20] , Bleimann-Butzar-Hahn operators [21] , divideddifference and Bernstein operators [22] , and many more. Now recall some notations and definitions on (p, q)-calculus. For 0 < q < p and any positive integer m, (p, q) integers are defined as
The (p, q)-binomial expansion is defined as
and for the integers 0 ≤ k ≤ m, (p, q)-binomial coefficients are defined by
The (p, q)-analogue of Bernstein operators is defined as follows [22] :
The Euler identity is defined by
We introduce the following. 
Approximation results
Firstly, we show that for any continuous function G these three kinds of (p, q)-Bernstein polynomials do not converge. For example, if we take G = iwi, we get easily
We can obtain convergence result for the classes of functions in Definition 1.1. For this we need some auxiliary results for (p, q)-operators in complex plane similar as done in [28] for q-operators. 
Also, for any r ≥ 1,
Proof The proof is simple, one can prove this lemma with the help of Lemma 3 of [24] . So we skip it.
Proof For the proof, see (Wang [28] , Lemma 2).
Lemma 2.3 Let q
Proof It follows from (2.1) and (2.2) that, for w ≤ r,
Using (2.4) and (2.5), we get
Hence the lemma is proved.
Theorem 2.4 Let q
We have the following representation formula:
where
) commute with the other terms. As we take the condition on G, so that w p,q (G)(w). In [7] and [8] upper estimates by qBernstein operators, q ≥ 1, of quaternion variable were proved. Theorem 2.5 (Gal [7] ) Suppose that G :
Then, for all 1 ≤ r < R, w ≤ r, and m ∈ N, we have
Theorem 2.6 (Gal [8] ) Let 1 < q < R and suppose that G :
, w ≤ r, and m ∈ N, we have
Remark By the right Bernstein polynomials B m * q (G)(w), a similar upper estimate in approximation can be obtained if G is supposed to be right W-analytic for q ≥ 1. , w ≤ r, and m ∈ N, we have
Theorem 2.7 Let
Proof Denoting e i (w) = w i . Firstly we will show that
Here G n (w) = 
for all m, n ∈ N and w ≤ R, it follows
which by lim n− →∞ (G n -G) r = 0 implies the desired conclusion. 
Consequently, we obtain
by relationship given in [22] , we can write 8) where [0,
; e i ] denotes the divided difference of e i (w) = w i .
Recall that the divided difference of a function F on the knots y 0 , y 1 , . . . , y j is given by
However, by the relationship given in [22] , we get the formula
which combined with the above relationship (2.8) implies
Since each e i is convex of any order and B 
) for all i ≥ 1 and that A m,0,0 p,q = 1. In the estimation of B m p,q (e i )(w) -e i (w) , we distinguish two cases:
Since e k (w) ≤ r k for all w ≤ r and k ≥ 0, by [24] we immediately get
Here we have
From both of the above cases we conclude
where w ≤ r, m ∈ N, which proves the desired result.
Remark Our results generalize the results of Gal [8] (see also [9] ), which can be obtained by taking p = 1 in our results. Taking an extra parameter p gives more flexibility to study a general class of positive linear operators. By taking q > p = 1 in Theorem 2.7, we get the estimate of Theorem 2.6. 
Voronovskaja type result
holds, where
, we have
Proof First we recall some important relationship for our proof. Let 1 < r < pR q
From Theorem 2.7, we get
First, we need to prove that E p,q (G)(w) is left W-analytic in D r , where
, using the inequality
for q > p > 1, it immediately follows
for all w ∈ D r . These show that, for q ≥ p ≥ 1, the function E p,q (G)(w) is well-defined and left W-analytic in D r . By (2.7) we obtain
We have to estimate the expression for all w ∈ D r and m ∈ N.
In the case of complex variable, the estimate in (3.4) remains exactly the same, with .
replaced by |.|, because all the calculations and estimates are made with real numbers as calculated in [6] .
Case (2). Here we get 
